In a finite undirected graph G = (V , E), a homogeneous set is a set U ⊂ V of at least two vertices such that every vertex in V \U is either adjacent to all vertices of U or nonadjacent to all of them. A graph is prime if it does not have a homogeneous set. We investigate the minimal prime extensions of a four-vertex subgraph in a prime graph. It turns out that the claw, the paw and the diamond (as well as their complements) have finitely many minimal prime extensions whereas the clique with four vertices has an infinite number of such extensions. This extends previous results of Hoàng and Reed on the C 4 and of Olariu on a stable set of size three in a prime graph. The reducing pseudopath method of Zverovich is a general way to determine the minimal prime extensions of a non-prime graph; our paper, however, gives a short and direct proof for determining all prime extensions in the particular cases mentioned above.
Introduction-notions and preliminary results
Throughout this paper, let G = (V , E) be a finite undirected graph without self-loops and multiple edges and let |V | = n, |E| = m. The edges between two disjoint vertex sets X, Y form a join denoted by X Y (co-join denoted by X Y ) if for all pairs x ∈ X, y ∈ Y , xy ∈ E (xy / ∈ E) holds. A vertex z ∈ V distinguishes vertices x, y ∈ V if zx ∈ E and zy / ∈ E. A vertex set M ⊆ V is a module if no vertex from V \M distinguishes two vertices from M, i.e., every vertex v ∈ V \M is either adjacent to all vertices in M or nonadjacent to all of them. A module is trivial if it is either the empty set, a one-vertex set or the entire vertex set V. Nontrivial modules are called homogeneous sets. A graph is prime if it contains only trivial modules. The notion of modules and prime graphs plays a crucial role in the modular decomposition (or substitution decomposition) of graphs (and other discrete structures) which is of basic importance for the design of efficient algorithms-see e.g. [15] .
Let U ⊆ V . We say that a vertex v / ∈ U is partial with respect to U if v distinguishes two vertices from U and universal with respect to U if v is adjacent to all vertices from U.
For k 1, let P k denote a chordless path with k vertices and k − 1 edges, and for k 3, let C k denote a chordless cycle with k vertices and k edges. P 4 is the only four-vertex graph that is prime (see Fig. 1 ). Thus, any other induced four-vertex subgraph H of a prime graph G leads to a list of minimal prime subgraphs of G containing H. We call these subgraphs the minimal prime extensions of H.
The following Lemma 1 which has been used in [12] to characterize P 4 -indifference graphs was useful in various other papers such as [1, 2, 5, [7] [8] [9] [10] for describing the structure of particular classes of prime graphs. The house is the complement of the P 5 ; see Fig. 2 for A and domino as well as their complements. [12] ). If a prime graph contains a C 4 then it contains a house or A or domino.
Lemma 1 (Hoàng and Reed
In its graph complement version, Lemma 1 means the following: Corollary 1. If a prime graph contains a 2K 2 then it contains a P 5 or co-A or co-domino.
We will extend Lemma 1 to any four-vertex subgraph:
• We describe all (finitely many) minimal prime extensions of a diamond, paw and claw (as well as of their complement graphs); • We show that there are infinitely many minimal prime extensions of a clique K 4 of four vertices (as well as of a stable set of four vertices).
Note that Zverovich's reducing pseudopath method described in [20] is a general way to determine the minimal prime extensions of a non prime graph; we give a short and direct way for determining all prime extensions in the particular cases mentioned above which were found independently from Zverovich's method.
Let N(v) : ={u : u ∈ V , u = v, uv ∈ E} denote the neighborhood of vertex v. We say that a vertex u sees (misses) a vertex
denote the subgraph of G induced by U. Throughout this paper, all subgraphs are understood as induced subgraphs. A vertex set U ⊆ V is stable (also called independent) in G if the vertices in U are pairwise 
nonadjacent. Let co-G
Let K n , n 1, denote a clique of n vertices. Let Q be a P 4 with vertices a, b, c, d and edges ab, bc, cd. The following 5-vertex graphs bull, chair, P, and gem occur frequently throughout the paper. They consist of a P 4 Q and an additional vertex v having exactly the following neighbors in Q: Let F denote a set of graphs. A graph G is F-free if none of its induced subgraphs is in F. Throughout this paper, we frequently refer to the graphs from Figs. 2 and 3.
Extensions of the diamond and the paw in a prime graph
It will turn out that for the minimal prime extensions of the diamond and the paw (as well as their complements) in a prime graph, we need the minimal prime extensions of a gem. These were given in [4] by using the reducing pseudopath method of [20] . See also [18, 19, 21] for applications of this method. In [6] , a simple direct proof is given for Lemma 2 describing the minimal prime co-gem extensions:
Lemma 2 (The Co-Gem Lemma, Brandstädt et al. [6] 
In order to make this paper self-contained, we translate the proof from [6] to the case of the gem extensions.
Lemma 3 (The Gem Lemma). Every prime graph containing a gem contains one of the graphs co-A, co-P
Proof. Let R denote the set of the P 4 vertices of a gem in the prime graph G = (V , E). The following three sets A, B, C define a partition of V \R:
Note that B = ∅ since it contains the universal vertex of the gem, and C = ∅ since otherwise R would be a homogeneous set in G.
Suppose there is at least one nonedge between B and C, say between b ∈ B and c ∈ C. All possible combinations of edges between c and R lead to one of the graphs co-A, co-P 6 , 3-sun, G 2 , G 4 , G 6 , G 8 , G 10 of Fig. 2 . So we may assume B C for otherwise we are done. Since B = ∅ and G, as a prime graph, is co-connected, there is a vertex b ∈ B that is nonadjacent to a vertex a ∈ A (in particular, A = ∅).
If there is a vertex c ∈ C such that ca ∈ E then for all possible combinations of edges between c and R, R ∪ {a, b, c} contains one of the graphs G 8 , G 10 of Fig. 2 or H 2 of Fig. 3 . Now we define the following partition of A into two sets:
and we may assume
for otherwise we are done. Note that for every c ∈ C there exist adjacent vertices x c , y c ∈ R such that c is adjacent to x c and nonadjacent to y c . In particular, there exists a component
Now, a G 10 in G can be detected as follows. Consider a shortest path a 0 a 1 · · · a k c in X (recall that X is a component) connecting a vertex a 0 ∈ X ∩ A 0 and a vertex c ∈ C (recall that C = ∅). Clearly, k 1 and a i ∈ A 1 for all i = 1, . . . , k since there are no edges between A and R. Let b ∈ B be a nonneighbor of a 0 . If k 4 then a 0 , a 1 , . . . , a 4 
In a very similar way as in the proof of the Gem Lemma, the minimal prime extensions of the following generalization of the gem can be determined: A supergem is a graph having exactly one universal vertex, say b, whose neighborhood R = N(b) (the prime part of the supergem) is a prime graph (with at least 2 vertices). A graph G is a supergem extension, if the vertex set of G can be partitioned into three nonempty sets R, {b} and an induced path P such that G[R] is a prime graph and R ⊂ N(b) (i.e., R ∪ {b} is a supergem) and for P = (a 0 , a 1 , a 2 , . . . , a k , c), k 0, the following conditions hold:
(i) The endpoint c is the unique vertex of P which is partial with respect to R.
(ii) The endpoint a 0 is the unique vertex of P which is nonadjacent to b. If a 0 = c then a 0 has a co-join to R. (iii) The vertices a 1 , a 2 , . . . , a k have a co-join to R (and, by condition (ii), they are adjacent to b).
Note that c = a 0 is admissible; in this case P consists of a single vertex which is partial with respect to R and nonadjacent to b.
Lemma 4. If Q is a minimal prime graph containing a supergem then it is a supergem extension.
Proof. The proof of Lemma 4 follows exactly the lines of the proof of the Gem Lemma; for sake of completeness, we give it here. Let R denote the prime part of a supergem in the prime graph G = (V , E). The following three sets A, B, C define a partition of the vertex set of G\R:
Note that B = ∅ since it contains the universal vertex of the supergem, and C = ∅ since otherwise R would be a homogeneous set in G.
Suppose there is at least one nonedge between B and C, say between b ∈ B and c ∈ C. Then G contains a supergem extension with only one vertex in P. So we may assume B C for otherwise we are done. Since B = ∅ and G, as a prime graph, is co-connected, there is a vertex b ∈ B that is nonadjacent to a vertex a ∈ A (in particular, A = ∅). If there is a vertex c ∈ C such that ca ∈ E then G contains a supergem extension with P = (c, a 0 ) for a 0 = a. Now we define the following partition of A into two sets:
Then X ∩ A 0 = ∅ for otherwise X would be a homogeneous set in G. Now, consider a shortest path (a 0 , a 1 , . . . , a k , c) in X (recall that X is a component) connecting a vertex a 0 in X ∩ A 0 and a vertex c in C (recall that C = ∅). Clearly, k 1 and a i ∈ A 1 for all i = 1, . . . , k. Let b ∈ B be a nonneighbor of a 0 . Then these vertices induce a supergem extension with P = (c, a k , . . . , a 1 , a 0 ) . Now we use Lemma 3 for showing Lemma 5. -P 6 , co-A, 3-sun,  G 2 , G 4 , G 6 , G 8 , G 10 of Fig. 2 or H 2 of Fig. 3) or either G 7 , or G 11 of Fig. 2 . [12] ). Note that if G contains a gem then, according to Lemma 3, it contains one of the graphs co-P 6 , co- A, 3-sun, G 2 , G 4 , G 6 , G 8 , G 10 of Fig. 2 or H 2 of Fig. 3 . Thus we restrict our attention to the gem, G 7 , G 11 of Fig. 2 Fig. 2 depending on xy ∈ E or not.
Lemma 5. If a prime graph contains a diamond then it contains a gem (and thus one of the graphs co

Proof (Follows the lines of the proof of Lemma 1 in
In its graph complement version, Lemma 5 means the following: Fig. 2 or H 1 of Fig. 3) or one of G 8 , G 12 of Fig. 2 .
Corollary 2. If a prime graph contains an induced co-diamond then it contains a co-gem (and thus one of the graphs
P 6 , A, net, G 1 , G 3 , G 5 , G 7 , G 9 of
Lemma 6. If a prime graph contains a co-paw then it contains a bull or P 5 or A.
Proof. Again, this proof follows the lines of the proof of Lemma 1 in [12] . Note that if G contains a co-gem then, according to Corollary 2 it contains one of the graphs P 6 , A, net, G 1 , G 3 , G 5 , G 7 , G 9 of Fig. 2 or H 1 of Fig. 3 ; among them, the A is the only graph not containing the bull or P 5 .
Let In its graph complement version, Lemma 6 means the following:
Corollary 3. If a prime graph contains a paw then it contains a bull or house or double-gem.
Note that Lemma 6 implies the subsequent Lemma 7 by Olariu.
Lemma 7 (Olariu [17]). If a prime graph contains three pairwise nonadjacent vertices then it contains a P 5 or bull or A.
Proof. Let v 1 , v 2 , v 3 be a stable set of size 3 in the prime graph G. Let M : ={x : x = v 3 and xv 3 / ∈ E} and M 1 be the co-connected component of
Thus, G contains a co-paw which according to Lemma 6 means that it contains a P 5 or bull or A.
In its graph complement version, Lemma 7 means the following:
Corollary 4 (Olariu [17] ). If a prime graph contains a clique K 3 then it contains a house or bull or double-gem.
Note that in [18] , all six minimal prime extensions of the K 1 ∪ paw are constructed using Zverovich's reducing pseudopath method.
Extensions of a claw in a prime graph
Note that the claw extensions were also given in [4] by using the reducing pseudopath method of [20] . Here, we give a short direct proof without using this method. Before being able to describe the claw extensions in a prime graph, we need the chair and the P extensions. Fig. 2 . ∈ M 1 such that u 1 x ∈ E and u 2 x / ∈ E. Case 1: xc / ∈ E: 1.1. xd / ∈ E, xe / ∈ E: leads to G 1 1.2. xd ∈ E, xe / ∈ E: leads to A 1.3. xd / ∈ E, xe ∈ E: leads to G 5 1.4. xd ∈ E, xe ∈ E: leads to G 12 Case 2: xc ∈ E: In this case, xd ∈ E or xe ∈ E since x / ∈ M. 2.1. xd / ∈ E, xe ∈ E: leads to G 9 2.2. xd ∈ E, xe / ∈ E: leads to G 7 2.3. xd ∈ E, xe ∈ E: leads to G 8 .
Lemma 8. If a prime graph contains a chair then it contains one of the graphs
In its graph complement version, Lemma 8 means the following: Fig. 2. Lemma 9. If a prime graph contains a P then it contains one of the graphs A, domino, G 4 , G 9 , G 11 , G 12 , G 13 of Fig. 2 . a, b, c, d , e induce a P in G with edges ab, ac, bd, cd, de. Let M : ={x : xa ∈ E and xd ∈ E and xe / ∈ E} and let M 1 be the co-connected component in G [M] containing b and c. Since M 1 is no module, there are u 1 , u 2 ∈ M 1 with u 1 u 2 / ∈ E and an x / ∈ M 1 such that u 1 x ∈ E and u 2 x / ∈ E. Case 1: xa / ∈ E: 1.1. xd / ∈ E, xe / ∈ E: leads to A 1.2. xd / ∈ E, xe ∈ E: leads to a domino 1.3. xd ∈ E, xe ∈ E: leads to G 11 1.4 . xd ∈ E, xe / ∈ E: leads to G 9 Case 2: xa ∈ E: In this case, xd ∈ E implies xe ∈ E. 2.1. xd / ∈ E, xe / ∈ E: leads to G 12 2.2. xd / ∈ E, xe ∈ E: leads to G 13 2.3. xd ∈ E, xe ∈ E: leads to G 4 .
Corollary 5. If a prime graph contains a co-chair then it contains one of the graphs double
-gem, G 2 , G 6 , G 7 , G 8 , G 10 , G 11 of
Proof. Let
In its graph complement version, Lemma 9 means the following:
Extensions of a clique and of a stable set with four vertices
We construct an infinite sequence of minimal prime extensions of a stable set a, c 1 , c 2 , c 3 in the following way: Let G i denote the graph with vertices a, b, d, x, c 0 , c 1 , c 2 , c 3 , . . . , c 3+i and the following edges: See Fig. 4 for the graphs G 0 and G 1 .
It is straightforward to see that all graphs G i are minimal prime extensions of the stable set a, c 1 , c 2 , c 3 and none of the graphs G i is contained in a graph G j , i = j . Thus we get Theorem 1. There are infinitely many minimal prime extensions of a clique (a stable set) with four-vertices in a prime graph.
Some applications
It is a well-known fact that the problems Maximum Weight Stable Set (MWS for short) and Maximum Weight Clique can be solved in polynomial time in a bottom-up way along the modular decomposition tree as soon as the prime subgraphs of the input graph (i.e., the prime nodes of the modular decomposition tree) allow a polynomial time solution of the problem. This is due to the fact that for join and co-join nodes of the decomposition tree, the solutions on the corresponding subtrees can be easily combined.
Assume now that G is an F-free graph for some set F of forbidden subgraphs, and let F * denote the set of all minimal prime extensions of graphs in F. Then, if the problem is solvable in polynomial time on F-free graphs, it is solvable in the same time bound on F * -free graphs (see also similar remarks in [20] ). Example 1. For 2K 2 -free graphs, the MWS problem can be solved in polynomial time since a 2K 2 -free graph has at most O(n 2 ) maximal stable sets [11] . Thus, applying Lemma 1, it follows that the MWS problem can be solved in the same time bound for (P 5 , double-gem, co-domino)-free graphs since in a (P 5 , double-gem, co-domino)-free graph, any prime subgraph is 2K 2 -free. Obvious subclasses are the (P 5 , co-P)-free graphs, the (P 5 , co-chair, house)-free graphs, and the (P 5 , gem, house)-free graphs, respectively; the clique-width of the last two classes, however, is bounded by a constant, and there are linear time algorithms for MWS on these classes -see [2] .
Example 2. For claw-free graphs, the MWS problem can be solved in polynomial time [14] (see also the correction by [16] ). Thus, the MWS problem can be solved in the same time bound for F * -free graphs where F * is the set of minimal prime extensions of the claw described in Lemma 11. Obvious subclasses are the (chair, P, gem)-free graphs, the (bull, chair, P 5 )-free graphs, and the (bull, chair, P)-free graphs, respectively; for the last two classes, however, there is a better way for the MWS problem as shown in the next example. Example 3. Obviously, the MWS problem can be solved efficiently in co-gem-free graphs. The Co-Gem Lemma was used in [6] for robust algorithms on the following subclasses of chair-free graphs. Hereby, the essential tool is thestructure of prime graphs containing a co-gem.
Theorem 2 (Brandstädt et al. [6] ). Let G be a prime chair-free graph containing a co-gem. In [9] , the following theorem is shown:
Theorem 3. If G is a prime diamond-and co-diamond-free graph then G or G is a co-matched bipartite graph or has at most nine vertices.
An obvious consequence of Lemma 5 is the fact that prime (P 5 , gem, co-gem)-free graphs as well as (co-P, gem, co-gem)-free graphs are (diamond, co-diamond)-free and thus have the same simple structure as in Theorem 3. In [2] , a complete classification of graph classes defined by forbidden one-vertex extensions of the P 4 with respect to clique-width is given.
